Abstract-This paper presents a concept for energy optimization dealing with high consistency (HC) refining processes in the pulp and paper industry. Models for the outlet consistency and Gurley number used in the optimization are briefly described. The specific energy is used as manipulated variable. Additionally, the inlet consistency can be adjusted to a fixed value. While keeping the energy consumption as low as possible, it is still attempted to keep outlet consistency and Gurley number close to its desired value. The optimization uses a cost function with quadratic terms. An explicit solution for the optimization problem is derived. Additionally, the results are compared with findings from numerical optimization using a global search algorithm and an interior point method. Results presented are consistent with each other and indicate potential for energy savings.
I. INTRODUCTION
Nowadays, many research efforts have been made in academia and industry to reduce the energy consumption of energy intensive processes. The focus lies mainly on environmental and economical aspects. A particular large impact exists for the process industry with its large share of energy cost for the final products. For example, the Swedish pulp and paper industry with an annual production of 11.3 million tons in 2011 also accounted for half of the energy consumption of the whole Swedish industry in 2011 [16] . The paper production involves many different processes. In particular, the high consistency (HC) refining stage in the Kraft process used for the production of sack paper is known to consume large amounts of energy. However, attempts for energy optimization are until now focused on other paper manufacturing processes. Therefore, the aim of the paper is to employ optimization techniques to reduce the energy consumption of the high-consistency refining process by finding the set points with the lowest possible energy consumption. Examples of previous efforts are presented by Huhtanen et al. [15] , Broderick et. al. [6] and Fridén [11] . Huhtanen et al. are applying pump theory for flow calculations to optimize geometrical aspects for gaining higher energy efficiency. Broderick et al. are using statistical models from measurement data to find operation conditions with lower energy consumption but still satisfying paper properties. Fridén applied principal component analysis (PCA) to data from an online fiber analyzer in order to reduce variations in quality parameters and energy consumption. Unlike the other described approaches, Fridén optimizes a combined system of refiners for high and low consistency with data from the whole pulp and paper mill. A similar approach compared to [6] is employed in the current paper for a combination of a first-principle model based on [10] which describes changes inside the refining zone based on the generated entropy and an empirical model for the Gurley number [12] . Applying the empirical model is necessary as the authors are not aware of any first-principle models for determining pulp quality parameters. Therefore the advantage of using firstprinciple models which allow a generalization of the results is slightly decreased. However, the results obtained by using the empirical model can be still valuable for other paper plants. Moreover, by deriving an explicit solution the result of the optimization can be easily found for a selected set point. Both the explicit and numerical solution are obtained and compared. As the used approach focuses on the HCrefiner higher efficiency enhancements can be achieved for this energy intensive sub-process. The layout of the paper is as follows: Firstly, the refining process is briefly described. Secondly, the first principle model and the empirical models used during the optimization are outlined. Thereafter, the optimization problem for the energy consumption in an high consistency refiner is introduced. Moreover, the properties of the optimization problem and the utilized algorithms, global search algorithm based on a scatter search approach, interior point method and explicit approach, are described. Lastly, the results of the paper are presented with final conclusions.
II. REFINER MODELS

A. Process Description
A schematic sketch of a high-consistency refiner as considered in this paper can be found in Fig. 1 . It consists of two discs, one static and one rotating. Both discs are padded with segments which have a pattern of bars and grooves to achieve a good effect on the wood fibers. Pulp flowing through the refiner is fed by a screw conveyor towards the inside of the refiner. Moreover, dilution water is added at the center of the refiner discs. Thereafter, the mixture of pulp and water is pressed through the narrow gap between the segments, also denoted as refining zone. Henceforth, the pulp is collected in a subsequent pulp chest. In addition to water and fibers, steam is created due to the high temperatures in the refining zone. The radial temperature distribution inside the refining zone follows a shape similar to a parabola (compare Fig. 2 ). Assuming wet steam conditions inside the refiner then leads to steam flowing both towards the inner and outer radius of the refining zone. Available manipulators for the refiner are the hydraulic cylinder for adjusting the gap clearance between the segments to change the motor load and the rotational speed of the screw conveyor for the mass flow rate of the fibers. Additionally, the dilution water mass flow rate can be varied by a controllable valve. The angular velocity of the rotating disc is fixed, as it is driven by a synchronous electric motor. Two kinds of models are used for the optimization in the current paper, one describing the behavior inside the refining zone and one connecting the specific energy to a pulp quality parameter. Details of both are given in the following subsections.
B. Entropy model
The refiner model used within this paper is based on the entropy model by Eriksson [10] , but is extended for the current optimization. For sake of brevity the derivation of the extension is omitted here. The main difference lies in the introduction of two mass flow rates for the steam flow, one for steam flowing outward and the other for steam flowing inward. Both models are based on the conservation equations of entropy, mass and energy. They assume wet steam inside the refining zone. Simultaneous measurements of temperature and pressure performed by [4] and [9] seem to support this assumption which can be used to determine enthalpy, entropy, saturation pressure of steam and other thermodynamic properties of steam and water from steam tables, e.g. [18] . These are required for solving the thermodynamic equations of the model. Furthermore, pressure values are determined under the condition that pressure loss can be neglected against the dynamic pressure of the steam. Another important parameter is the temperature profile, as it has a large influence on the steam creation in the refining zone [14] . For this paper the temperature profile is generated by a cubic approximation between the inlet, maximum and outlet temperature for the different radial elements and depicted in Fig. 2 . The complete model used here can be derived by converting the dynamic model to a steady-state model. Notations for the different variables can be found at the end of the paper. Four mass flow rates are considered, one for outward flowing steam, water, and fibers each and one for inward flowing steam. The used symbols areṁ steam,for , m water ,ṁ fibers , andṁ steam,back , respectively. Discretizing the refining zone over the radius yields four algebraic equations for the mass flow rates in each radial element. Twentyone elements are considered and used during the calculations in the current paper. However, the value of the outer most element is most important as it gives the value for the outlet consistency. Values of other radial elements are required for determining the outlet consistency but not further used. The equations for the i th radial element are given below:
The parameters k 1 and k 2 depend on the radial pressure distribution inside the refining zone. Both are derived from Bernoulli's equation for incompressible fluids (compare with (5)).
An incompressible fluid is assumed since the change of pressure around the temperature maximum is considered to be small. As the differences in levels h are very small the static term is neglected. A further simplification arose from the assumption that the flow speed of steam in the radial element with the pressure maximum is very small. Hence the dynamic pressure in this element is treated as being close to zero. Using this fact and the assumption pressure losses due to friction can be neglected, the following expressions for k 1 and k 2 can be derived:
It should be noted that obtaining the pressure used in ( and (7) from steam tables is only valid in radial elements where the local temperature is above 100
• C. This is due to constructive details of the refiner, i.e. the housing is not pressurized and hence the local pressure in any element cannot drop below the ambient pressure. Ambient pressure results in a boiling point of 100
• C. Thus, for lower temperatures steam can only exist as component of wet air. However, wet air is outside the scope of the current model. Hence, all steam is assumed to condense. In case of any square root in (6) or (7) results in an imaginary number, the respective parameter is set to zero and the remaining to one. Using the fiber mass flow rate and the water mass flow rate in the last element, the consistency of the pulp leaving the refining zone can be calculated for stationary conditions by:
C. Quality Parameter Model
The quality parameter used in the current approach is the Gurley number which is a measure for the air resistance of the produced sack paper. Since sacks manufactured from the paper should be filled as fast as possible, the air resistance is very important. Procedures for the measurement of the Gurley number can be found in [1] [2] [3] . Gurley numbers describe the time which 100 ml of air require to flow through a test sample of paper with an area of 6.45 cm 2 . The model used here for the optimization is based on the work by Fridén et al. [12] . It is derived using measurement data obtained from the plant of Mondi Dynäs AB in Väja, Sweden. Mondi Dynäs AB provided the numerical values to assist the optimization efforts here. Mathematically the model can be expressed as a linear equation as given below:
where Gu, ∆SE and Gu 0 represent the Gurley number, change of specific energy around operating point and Gurley number at the operating point, respectively. For purposes in the current paper Gu 0 is assumed to be equal to 15.6 s.
III. OPTIMIZATION PROBLEM AND APPROACH
A. Optimization Problem
In general, optimization often involves a compromise between the optimization goal and different constraints [5] . In the current case the specific energy should be minimized while retaining pulp and paper quality parameters within a certain acceptable window. The selected quality parameters are the consistency of the pulp leaving the refiner (C out ) and the Gurley number (Gu). Moreover, the variable considered for adjustment during the optimization is the specific energy applied during refining (SE). It is defined as the energy consumed in the refiner per the mass flow rate of the produced pulp. Additionally, the inlet consistency (C(r 1 )) can be assumed to be a constant pre-selected value by appropriately adjusting the mass flow rate for dilution water. A limited increase of C(r 1 ) can be also achieved by a reduction of dilution water. Based on the selected C(r 1 ) the optimization results can vary. Two operating points from measurement data are used for the numerical evaluation of the Gurley number here (see TABLE. I). All values in the cost function are scaled to unit range in order to avoid the influence of engineering units on the optimization result. The selected cost-function for the optimization with constraints for the manipulated variable is given below:
subject to : 0 kW h t −1 < SE < 350 kW h t −1
As the intention is to keep the quality parameters close to their desired values, it is reasonable to take the deviation as cost. This approach is also beneficial for combining absolute models like the entropy model with models valid close to an operating point like the quality parameter model. In order to treat deviations independently of their sign, the squares of the deviations are used. However, for the specific energy the absolute value is supposed to be minimized, i.e. no deviation from set point is considered to reach the least possible value.
Each summand can be considered as a convex function of the used variables. Hence, a sum of convex functions like in (10) can be also considered to be convex [5] . Though, in order to judge if the whole cost function is also convex it is also required to check the functions used to determine each variable. Thus, it is required to analyze the models applied during the optimization. Considering the model for the Gurley number, the equation is affine in SE, i.e. it is also convex with respect to SE and preserves the convexity of the cost function. Calculating the outlet consistency on the other hand, involves more complicated expressions. The outlet consistency is dependent on the mass flow rate of water which is an affine function of SE, see (1) . In general, the inverse of a convex function is not necessarily also convex. This is also valid for concave functions. Assuming SE according to the limits given in the constraints (11), the expression with the outlet consistency still results in a convex function of SE. Thus, the complete cost function can be considered as convex with respect to SE inside the selected domain.
As all summands in cost function are positive and a particular energy is required, the cost function will always result in a finite cost which is larger than zero. Additional adjustments to the cost function can be done by using the weights W 1 and W 2 for the expressions of the outlet consistency and Gurley number, respectively. The relative weight of the SE term is always considered equal to unity. By adjusting W 1 the importance of the deviation of the outlet consistency from the set point can be increased or decreased. Changes of SE have a small impact on the outlet consistency as K 1 is a very small value. Varying W 2 offers the possibility to effect the deviation between the Gurley set point and the resulting value. Exact values for W 1 and W 2 need to be selected based on the allowed deviations and desired energy savings by the actual user of the optimization scheme. For demonstration purposes values of 30 and 650/9 are selected here.
B. Optimization Approach
The optimization problem in (10) and (11) can be solved using two different methods, either analytically or numerically. Though the explicit solution from the analytical approach is more difficult to derive but offers a complete algorithm to obtain the optimal solution quickly for practical applications. Numerical solutions can however be used in more general cases where closed form solutions are not available, thus offering a more generic solution. Depending on the used algorithm for solving the optimization problem, numerical approaches can also require a substantial amount of computation time.
Here first an explicit solution is derived for the cost function given in (10) . Afterwards, a numerical solution is described to provide a comparison with the explicit solution for the selected values of the weighting factors W 1 and W 2 .
1) Explicit Solution:
As the cost function has a simple structure it is possible to solve the optimization problem analytically. Considering (1), one can derive an expression to relate the water mass flow rate at inlet and outlet directly with each other: dr (12) Here T (r) is represented by a cubic function as stated below:
where the values of a, b, c, and d are -31346, 46432, -21864 and, 3354, respectively. Using the approximation for s steam and s water proposed in [14] , the steam table like [18] can be replaced by:
Using (14) and (15) 
Using (9), (16) (17) and (18) the cost function can be rewritten as a function of SE with only constants and weights remaining:
Unlike one could expect from (8) , there exists no influence on the result from the total mass flow rate, as it can be shown that mass flow rates cancels out in the final cost function (19) . Henceforth, Gu 0 − Gu SP is denoted as ∆Gu. Taking the first derivative of J with respect to SE delivers a fourth order equation:
where the coefficients can be written as expressions of C(r 1 ),
Using the first derivative of the cost function(compare (20)) extrema can be found by solving the algebraic equation equating it to zero. The second derivate can be used to judge if the calculated extremum is a maximum or a minimum. A general solution for a fourth order equation as in (20) can be determined by the equations below:
2) Numerical Solution: Numerical solutions are possible by using the global optimization algorithm by Ugray et al. [17] and Glover [13] . Its global optimization problem has a similar structure compared to the cost function here. Currently the optimization problem uses no equality constraints and is hence simpler compared to the stated general case. As global optimization is desired the algorithm is selected for the current study.
In general, the algorithm can be described as a population based meta-heuristic algorithm where a population is denoted as a set of solutions. In each iteration the population is created from deterministic combinations of previous solutions. Initial and solution points in each iteration are used under certain conditions to find basins of attractions, i.e. local minima of the cost function. After all initial points are evaluated the best solution is determined by comparing all obtained solution points. For the current study a set of 25 points is used. Optimization itself is performed by using the interior point method as presented in [7] , [8] and [19] to find the optimal solution point for each initial point. For the solution of the optimization inequality constraints are approximated by using a slack variable to equality constraints. The approximated problem is then solved by using a direct step and a conjugate gradient step method. While the former uses linear approximation to solve the Karush-Kuhn-Tucker (KKT) equations, the latter is a gradient based method inside a trust region. Conjugate gradient steps need to be applied if the approximated problem is not locally convex near the current iterate.
Symbol Value
IV. RESULTS
This section is split into two parts. At first, the analytical solution is analyzed. Thereafter, results for the analytic solution are presented and compared with the findings from the numerical solution. Both solutions used data from TABLE II for the calculation of the numerical results. 2 ). As the set points are the most significant parameters for the control of the refiner, the resulting energy consumption is plotted in dependence of them in Fig. 3 . Considering the results from the sensitivity analysis, one can see that the solution value is dropping with a larger ∆GU . Similarly, like expected the solution value is increasing with increasing C SP . Despite the values from the gradient analysis are similar the change with respect to C SP seems significantly smaller in the graph. This is caused by the fact that the change in C SP is more than one order of magnitude smaller compared to ∆Gu. For SE the operating point is identical with the initial condition. Thereafter, optimal conditions for a different operating point are determined. The optimization problem is implemented in MATLAB R . Absolute values for the inlet and outlet consistency, Gurley number, specific energy, total mass flow rate and final cost can be found in TABLE III.
Symbol
Comparing the minimum specific energy and respective minimum cost for the analytical and numerical approach shows that the deviation between both is small. Energy is in both cases reduced by approximately 1.21 % but also requires to accept deviations from the defined set points. As SE has a small influence on C out deviations for the consistency are larger compared to the Gurley number. The relative deviation of C out is approximately 7 %. Smaller deviations of 0.56 % were achieved for the Gurley number. Since the Gurley number has a large impact on the properties of the final paper product, deviations in C out can be accepted.
V. CONCLUSIONS
The paper introduces two optimization approaches for a high consistency refining process in the pulp and paper industry. Two models are used in the scope of the current work -one describing the inside of the refining zone with an entropy based approach and the other is an empirical model for the Gurley number. For both models a short summary of equations and involved assumptions is presented. After stating and analyzing the optimization problem two approaches are applied to solve the optimization problem -one approach by deriving an explicit solution and the other using numerical optimization following a global search algorithm and an interior point method for comparison.
Optimization resulted in a reduction of energy from currently applied 250 kWh to 247 kWh. The results from both approaches match closely. Thus, the explicit solution is effective to solve the optimization problem without extensive numerical calculations giving results consistent with numerical optimization approaches and permits a conscious decision of the trade-off between energy consumption and pulp quality parameters.
NOTATION
Symbol Explanation SE specific energy (work per tonne applied to pulp) ∆SE change of specific energy around operating point SE 0 specific energy at operating point
